Falling is the leading cause of both fatal and nonfatal injury in the elderly, often requiring expensive hospitalization and rehabilitation. We study the stability of human balance during stance using inverted single-and double-pendulum models, accounting for physiological reflex delays in the controller. The governing second-order neutral delay differential equation (NDDE) is transformed into an equivalent partial differential equation (PDE) constrained by a boundary condition and then into a system of ordinary differential equations (ODEs) using the Galerkin method. The stability of the ODE system approximates that of the original NDDE system; convergence is achieved by increasing the number of terms used in the Galerkin approximation. We validate our formulation by deriving analytical expressions for the stability margins of the double-pendulum human stance model. Numerical examples demonstrate that proportional-derivative-acceleration (PDA) feedback generally, but not always, results in larger stability margins than proportional-derivative (PD) feedback in the presence of reflex delays.
Introduction
Persons aged 60 and above represent the fastest-growing sector of the worldwide population-a great triumph of humanity, but also a great economic challenge. In persons aged 65 and above, falling is the leading cause of both fatal and nonfatal injury [1] , with approximately 28-36% of persons in this cohort falling each year [2] . In 2000, falls among the elderly in the U.S. accounted for over $19 billion in direct medical costs [3] ; this economic burden is expected to increase in the future. A deeper understanding of human balance will contribute to improving the quality and longevity of life for the elderly, while reducing healthcare costs for hospitalization and rehabilitation resulting from falls.
We focus on the stability of human balance during quiet standing, which is often studied using a single inverted pendulum [4] . An inverted pendulum is inherently unstable and can remain upright only when assisted by a controller [5] . Similarly, humans use their muscles to apply control torques about the ankle, again to stabilize an otherwise unstable system. Note, however, that the control torques applied by humans are intermittent: there is substantial reflex delay between detecting a loss of balance and generating muscle forces [6, 7] due to delays in the human sensing, processing, and actuation systems [8, 9] . It has recently been shown that the strategy used by humans to maintain stability cannot be PD control, relying on proprioceptive [10] and visual sensors alone, since the required control gains correspond to forces that exceed the capabilities of human muscles [11] . A recent study by Insperger et al. [12] suggests that humans instead use a PDA control strategy, aided by the acceleration feedback signal generated within the vestibular system [13] . Insperger et al. established that PDA control provides a larger stability margin than PD control when applied to a single-pendulum model. There is some debate as to whether a single inverted pendulum is an adequate representation of a human when standing, since there is also considerable angular motion at the hip during postural sway [11] . In this work, we model the human as a double-inverted pendulum in the sagittal plane, with controllers at both the ankle and hip.
Due to the reflex delay and acceleration feedback in the model, the governing dynamic equation is an NDDE-that is, the equation takes the form of a DDE with a delayed argument in the highest-order derivative. Thus, the stability of human balance during stance must be determined by analyzing the stability region of an NDDE [14] . Unfortunately, NDDEs are infinite-dimensional systems and, as such, their characteristic equations are quasipolynomials with an infinite number of roots-all of which must lie in the left half-plane if the NDDE is to be stable. Insperger et al. obtained analytical results by inspecting the characteristic equation of the single-pendulum NDDE directly. Here, we extend their strategy to the analysis of a double-inverted pendulum and use symbolic computational techniques to obtain analytical expressions for the stability margins of this more complex model. We also apply an approximate method [15] to analyze the stability of second-order NDDEs by first transforming the NDDE into an equivalent PDE constrained by a boundary condition, then converting the PDE into a system of ODEs using the Galerkin method. Comparison between the analytical and numerical results demonstrates that the stability of the ODE system approximates that of the original NDDE system, and convergence is achieved by increasing the number of terms used in the Galerkin approximation.
We first apply our numerical Galerkin approach to obtain the stability diagrams for a single-pendulum human model with reflex delay, controlled using both PD and PDA feedback control strategies [12] . We compare our results with those obtained by Insperger et al. [12] to validate the developed method. We then use the same strategy as Insperger et al. to derive analytical expressions for the stability margins of the double-inverted pendulum model. Next, we apply our numerical technique to a double-pendulum model with reflex delay and perform numerical experiments to compare the Galerkin and analytical methods. We also seek to determine whether a PDA controller provides a larger stability region than a PD controller for this more complex model. Our results indicate that the stability margins obtained with the Galerkin and analytical approaches are in excellent agreement, and that PDA feedback generally remains superior to PD feedback when motion at the hip is considered.
Mathematical Modeling
For clarity, we develop our theory on a single second-order neutral DDE; extension of the method to coupled DDEs is trivial. We first consider a single-pendulum model, as shown in Fig. 1 . The dynamics of this single-pendulum model are governed by the following second-order ODE [12] :
where the pendulum is of mass m and length ' with orientation h relative to vertical; J A is the moment of inertia of the body about the ankle (point "A" in Fig. 1) ; the passive torques applied by the plantarflexor and dorsiflexor muscles are lumped into a single torsional spring of stiffness k t and a single torsional dashpot with damping coefficient b t ; and g is the gravitational acceleration. Q(t) is the feedback or active control torque required to prevent the human from falling and can be expressed as follows:
where s is the reflex delay and K p , K d , and K a are, respectively, the proportional (position), derivative (velocity), and acceleration control gains. The ODE in Eq. (1) becomes a DDE upon substitution of Eq. (2) due to the reflex delay s. We linearize Eq.
(1) about the vertical equilibrium point and define parameters a¢b t =J A ;
and k a ¢ ÀK a =J A to obtain the following DDE:
The problem at hand is to determine the parameters for which Eq. (3) is stable. Substituting hðtÞ ¼ e rt , we obtain the following characteristic equation:
which is a quasi-polynomial and has infinitely many roots. The system is stable if, and only if, all the roots of the characteristic equation lie in the left half of the complex plane; however, verifying that all roots of Eq. (4) lie in the left half-plane is difficult, and this strategy will be impractical for more complex models. We instead determine the stability of an approximation to the DDE, a strategy that is equally suitable for low-and high-order models. We first introduce the following transformation:
where y is a function of s and t, and s varies from Às to 0. Differentiating Eq. (5) with respect to s and t, we obtain the following equation:
and note that @yðs; tÞ=@s @yðs; tÞ=@t. We now differentiate this relation with respect to time to obtain a second-order PDE:
Using relations yð0; tÞ ¼ hðtÞ and yðÀs; tÞ ¼ hðt À sÞ obtained from Eq. (5), we derive the following boundary condition from Eq. (3):
We now approximate the solution y(s, t) of the PDE (7) as follows: where /ðsÞ ¼ ½/ 1 ðsÞ; / 2 ðsÞ; …; / N ðsÞ T are the basis functions and gðtÞ ¼ ½g 1 ðtÞ; g 2 ðtÞ; …; g N ðtÞ T are independent coordinates. In this study, we use the following shifted Legendre polynomials [16] as the basis functions:
which are known to have better convergence properties than a mixed Fourier basis [17] . Substituting the approximate solution (9) into the PDE (7), we obtain the following equation:
where / T ðsÞ 0 @/ T ðsÞ=@s. Premultiplying Eq. (11) by /ðsÞ and integrating over s from Às to 0, we arrive at a system of secondorder ODEs:Ã
whereÃ
Às /ðsÞ/ T ðsÞ 0 ds. Note that we can represent the solution using any complete set of basis functions (e.g., Chebyshev, Lagrange, and Hermite polynomials). In this work, we use shifted Legendre polynomials as global shape functions because they allow us to write the entries of matricesÃ andB in closed form as follows:
The boundary condition is enforced by first substituting the series solution (9) into Eq. (8):
where
The boundary condition is incorporated into the system of ODEs using the tau method [17] . In this method, we replace the last row of Eq. (12) with Eq. (14):
where A ¼ ½Â; a T ; B ¼ ½B; b T , and C ¼ ½0; c T ; matricesÂ and B are the matrices obtained by deleting the last row from matrices A andB, respectively. Finally, we introduce the state vector x¢½g; _ g T and write Eq. (15) in first-order form:
In summary, we have converted the NDDE (3) into a system of first-order ODEs (16), the stability of which can be readily determined by examining the eigenvalues of matrix D. If each eigenvalue of D has a negative real part, then the system is stable. In fact, these eigenvalues approximate the characteristic roots of Eq. (4), and the approximation improves [17] as we increase the number of terms N in the series solution (9).
Results and Discussion
In this section, we first validate our developed method using a single-pendulum, sagittal-plane model of a human during quiet standing. We then extend our analysis to a double-pendulum model, which is governed by a system of coupled NDDEs. The analysis presented in Sec. 2 is applied to the first model directly and can be readily extended to determine the stability of coupled NDDEs [15] .
3.1 Single-Pendulum Human Stance Model. We first discuss the analytical results reported by Insperger et al. [12] for the single-pendulum human stance model. We then compare these results with those obtained using the Galerkin method presented in Sec. 2.
Analytical Stability Margins.
Recall the characteristic equation (4) for the single-pendulum model:
For constant-coefficient DDEs, the eigenvalues at the stability boundaries are purely imaginary; thus, we substitute r ¼ jx into Eq. (18):
Next, we expand e jx as cosðxÞ þ j sinðxÞ and separate the real and imaginary parts to obtain the following transcendental equations:
Using Eqs. (20a) and (20b), we obtain the following closed-form expressions for k p and k d :
Thus, by varying parameter x in Eq. (21), we can obtain the analytical stability boundaries for the PDA-controlled singlependulum human stance model; to obtain the stability boundaries for the PD-controlled model, we simply set the acceleration gain k a ¼ 0 in Eq. (21a).
Galerkin Stability Margins.
To validate the theory presented in Sec. 2, we have generated the stability diagrams for Eq. (1) using the parameters given in Table 1 , and have compared our results with the analytical results discussed in Sec. 3.1.1 and reported by Insperger et al. [12] . The stability regions for case 1 with PD and PDA controllers are shown in Fig. 2 as the number of terms N in the series solution (9) increases. When N ¼ 5, we obtain convergence with the analytical solution reported by Insperger et al. Table 2 confirms that the rightmost eigenvalue converges as we increase the number of terms N in the series solution (9) .
We have also compared our results to those obtained by Insperger et al. for a second set of parameters (case 2 in Table 1 ), as shown in Fig. 3 . Once again, the proposed method converges to the analytical solution. These results confirm that the PDA controller provides a larger stability region than the PD controller for the sets of parameters we studied.
3.2 Double-Pendulum Human Stance Model. We now consider a double-pendulum human stance model in the sagittal plane, as shown in Fig. 4 , where an additional active controller has been included at the hip. We assume that active torques are generated at the ankle and hip by continuous, time-delayed PDA feedback controllers to maintain an upright posture. We seek to determine whether the PDA controller remains superior to PD control for this two-degree-of-freedom human stance model, whose dynamics are more realistic than those of the singlependulum model presented in Sec. 3.1.
After linearization, the dynamics of a double-pendulum model are governed by the following second-order ODE:
where matrices M, C, and K are defined as follows:
The lumped thigh and shank (leg) segment has mass m 1 , length 2' 1 , and moment of inertia J 1 about its centroid; the knee is assumed to remain locked. The head, arms, and trunk (HAT) are represented by a pendulum of mass m 2 , length 2' 2 , and moment of inertia J 2 about its centroid. Passive torques applied by the plantarflexor and dorsiflexor muscles at the ankle are lumped into a single torsional spring of stiffness k 1 and a single torsional dashpot with damping coefficient b 1 ; the hip flexors and extensors are Table 1 . 
Parameters
Rightmost eigenvalue Table 1 .
modeled analogously. The time-delayed feedback torque F in Eq. (22) is given by the following equation:
where gain matrices k p ; k d , and k a and time-delayed state vectors h pos ; _ h vel , and € h acc are defined as follows:
In the following experiments, we use proportional gains k p1 ¢k p11 ¼ k p21 (ankle) and k p2 ¢k p12 ¼ k p22 (hip); similarly, the derivative gains are k d1 ¢k d11 ¼ k d21 and k d2 ¢k d12 ¼ k d22 , and the acceleration gains are k a1 ¢k a11 ¼ k a21 and k a2 ¢k a12 ¼ k a22 . The physical parameters used in Sec. 3.1 are distributed between the leg and HAT segments of the model to resemble the distribution in the human body [20] . In particular, 40% of the total mass is apportioned to the legs and 60% is assigned to the HAT segment. To maintain the same centroid position, the ratio of leg-to-HAT segment lengths is also 2:3.
Analytical Stability Margins.
Substituting h ¼ h 0 e st into Eq. (22), we obtain the following system of equations:
For nontrivial solutions, the determinant of Eq. (26) must vanish-that is, we require jZðsÞj ¼ 0. We use the MAPLE 16 computer algebra software to obtain the following characteristic equation symbolically: Table 3 Parameter values for double-pendulum human stance model. Insperger et al. [12] obtained these parameters from Loram and Lakie [19] . The masses and lengths are distributed between the leg and HAT segments in a 2:3 ratio. for the two gains in which we are interested, thereby obtaining expressions in terms of the two gains of interest and the parameter x. Finally, we solve for the gains to obtain analytical expressions in terms of x, then vary x to obtain the stability boundaries. In Sec. 3.2.2, we compute analytical stability boundaries using the above technique and compare them with the stability boundaries obtained using the Galerkin method presented in Sec. 2.
Galerkin Stability Margins.
We now study several test cases using the parameters given in Table 3 . Unless otherwise stated, we assume that the position (s p ), velocity (s v ), and acceleration (s a ) time delays are all equal to 0.05 s. Based on the convergence study shown in Table 4 , we use N ¼ 5 terms in the Galerkin series approximation (9) . As shown in Fig. 5 , the stability boundaries obtained using the Galerkin and analytical approaches are in excellent agreement when N ¼ 5 terms are used.
In Figs. 6 and 7 , we compare the stability diagrams for the PDand PDA-controlled double-pendulum human stance model with different gain combinations. We observe that the PDA controller provides larger stability regions than the PD controller, with the exception of the case shown in Fig. 6(b) . Finally, in Fig. 8 , we compare the PD and PDA stability regions for Eq. (22) with different combinations of the position (s p ), velocity (s v ), and acceleration (s a ) time delays. Again, we find that the PDA-controlled model has larger stability regions than the PD-controlled model. These examples suggest that the PDA controller generally Table 4 Convergence analysis for the rightmost eigenvalue of the PDA-controlled double-pendulum human stance model (22) . The values of parameters k p2 and k d2 are expressed in SI units; the values of the other parameters are k p1 5 1813 N m rad 21 ; k d1 5 300 N m s rad 21 ; k a1 5 k a2 5 10 N m s 2 rad 21 , and those listed in Table 3 .
Parameters
Rightmost eigenvalue provides larger stability regions than the PD controller-that is, the double-pendulum human stance model will generally remain stable for a larger range of hip torque controller gains when acceleration feedback is included in the control scheme.
Limitations of the Analytical Approach
In this section, we discuss the limitations of the analytical approach and the need for a numerical technique, such as the Galerkin method to determine the stability of the doublependulum model. In Fig. 9 , we plot the analytical stability boundary obtained as the parameter x in Eq. (28) is varied from 0 to 100. For both cases shown, we observe that the analytical solution has multiple branches as we sweep x. These branches correspond to different roots crossing the imaginary axis. The problem at hand is illustrated in Fig. 10 : every root that is crossing the imaginary axis will satisfy Eq. (29), and it is impossible to determine which portion of this graph corresponds to the zone in which all roots lie in the left half of the complex plane. However, if we use the Galerkin method, we can precisely locate the stability regions without any ambiguity.
Finally, we investigate the stability regions as one gain and one time delay (s) vary. Here, we assume equal position, velocity, and acceleration delays (i.e., s¢s p ¼ s v ¼ s a ). Because s appears as an argument to the trigonometric functions in Eq. (29), a stability diagram with s as one of the varying parameters will involve multiple lobes corresponding to different periods of the trigonometric functions. In the cases shown previously (i.e., Figs. 6 and 7) where two gains were varied, we observed that, for a given value of x, we obtained linear expressions for the gains. In the present case, however, for a given value of x, multiple solutions are possible because s appears as an argument to trigonometric functions and the complexity of the model precludes obtaining an analytical expression in which s is isolated. Thus, we must resort to a numerical strategy such as the proposed Galerkin method to determine the stability regions in this case. As shown in Fig. 11 , the stability regions obtained using the PDA controller are larger than those obtained using the PD controller-that is, the double-pendulum human stance model remains stable for larger time delays when acceleration feedback is included in the control scheme.
Conclusions
An approximate method to determine the stability of NDDEs has been developed to study the stability of human balance during stance. In particular, we use the Galerkin method to convert the governing NDDE into a system of ODEs and determine the stability of the latter, which is more tractable than determining the stability of the NDDE directly. We validated our method by reproducing the stability diagrams found analytically for a singlependulum human stance model controlled by PD and PDA feedback controllers. We then derived analytical expressions for the stability boundaries of a PDA-controlled double-pendulum human stance model. The analytical and Galerkin stability boundaries were found to be in excellent agreement. Finally, we applied our method to determine the stability of the doublependulum model.
The single-pendulum human stance model was found to have greater stability margins when acceleration feedback was available; for the double-pendulum model, we found that acceleration feedback generally-but not always-resulted in larger stability regions. These results corroborate those obtained by Insperger et al. [12] for the single-pendulum model and further support the hypothesis that humans may, indeed, use a PDA control structure for maintaining balance, aided by sensory feedback from the vestibular system. As such, it may be crucial to include acceleration feedback in the controllers used by orthotic or prosthetic devices that assist persons with balance deficiencies [21] . It is also important to consider the complementary function of human muscle, which can begin reacting to disturbances even before reflexes respond [22] . Understanding the mechanisms of balance benefits the development of diagnostic criteria, assistive devices, and rehabilitation strategies that will effectively support the growing elderly population. 
